The very near horizon regions of nonextremal black holes have a conformal symmetry which is anomalous and spontaneously broken by the Rindler vacuum.
Introduction
The are a number methods for computing the entropy of nonextremal black holes each with its own advantages and shortcomings. Unfortunately, none of these methods sheds light on the gravitational degrees of freedom that contribute to the entropy. In this paper, we propose that these degrees of freedom are related to the pseudo Goldstone bosons (PGBs) of the conformal symmetry that appears in the very near horizon region. The conformal symmetry of the very near horizon region is broken down spontaneously and anomalously to SL(2) giving rise to the PGBs. This symmetry breaking pattern completely determines the Schwarzian action of the PGBs, which leads to the Wald entropy for nonextremal black holes.
Unfortunately, this does not fully resolve the question of the fundamental black hole degrees of freedom since it is an effective description that is based only on symmetry considerations.
It has been known for some time that the very near horizon region of any nonextremal black hole has a chiral conformal symmetry [1, 2] . This is simply the reparametrization symmetry of the dimensionless Euclidean Rindler time that arises on the horizon. In refs. [4] , it was shown that a nonextremal black hole can be described by horizon conformal field theory (CFT) state with a central charge and conformal weight given by c/12 = L 0 = E R where E R is the dimensionless Rindler energy conjugate to the dimensionless Rindler time [3] . Due to the exponential coordinate transformation between Euclidean and Rindler spaces the conformal weights in Rindler space are shifted by −c/24, i.e. L ′ 0 = L 0 − c/24. The Cardy formula applied to this CFT state gives the correct Wald entropy for the black hole [4] .
The conformal symmetry that lives in the very near horizon region is broken spontaneously by the Rindler vacuum and explicitly by the conformal anomaly down to SL (2) . As a result, black hole physics at low energies is described the PGBs of the conformal symmetry that parametrize Dif f (S 1 )/SL (2) . The PGB action is simply the Schwarzian action which is fixed by the unbroken SL(2) symmetry in the proper PGB fields [15] . We consider the PGB action to be a gravitational one since the horizon CFT describes gravity in the very near horizon region. In Euclidean gravity, the Schwarzian action leads to the Wald entropy for nonextremal black holes. As a consistency check, we also consider the neutral limit of charged near extremal black holes which should correspond to Schwarzschild black holes. We show that the same PGB action is obtained in terms of the near AdS 2 boundary geometry.
This paper is organized as follows. In the next section, we briefly review horizon CFTs as a description of nonextremal black holes. In section 3, we describe the same black holes in terms of the PGBs of the conformal symmetry that lives in the very near horizon region. In section 4, we consider the neutral limit of charged near extremal black holes in terms of their near AdS 2 geometries and show that they lead to the same PGB action. Section 5 contains a discussion of our results and our conclusions.
Horizon CFT Description of Nonextremal Black Holes
In this section, we review horizon CFTs that describe nonextremal black holes.
It is well-known that the near horizon geometry of a nonextremal black hole in any theory of gravity is Rindler space. Consider a black hole with a generic Euclidean metric of the form
in D dimensions. The horizon is at r h which is determined by f (r h ) = 0. If in addition, f ′ (r h ) = 0, the black hole is nonextremal and the near horizon geometry is described by Rindler space. Near the horizon, r = r h + y with y << r h , which leads to the near horizon metric
In terms of the proper radial distance, ρ, obtained from dρ = dy/ f ′ (r h )y and the dimensionless Euclidean Rindler time τ = (f ′ (r h )/2) t the near horizon metric becomes
This is the metric of Euclidean Rindler space times S D−2 with fixed radius r h .
The Rindler metric in the τ -ρ directions naively looks like the flat metric in polar coordinates. The dimensionless Euclidean Rindler time in eq. (3) is an angle with a period of 2π.
The dimensionless Rindler energy, E R , conjugate to τ is obtained from the
where M is the mass of the black hole conjugate to t. For large enough black holes, the rate of Hawking radiation is negligible and therefore we can assume that E R is time independent. Then, we find
Using the definition of Hawking temperature, T H = f ′ (r h )/4π, eq. (5) can be written as the First Law of Thermodynamics with the entropy given by S = 2πE R .
This procedure can be used for all nonextremal black objects with Rindler-like near horizon geometries in any theory of gravity [5] [6] [7] [8] [9] . In fact, it can be shown that E R , which is a holographic quantity that can be obtained from a surface integral over the horizon [10] , is exactly Wald's Noether charge Q [11] . Therefore [12] the Wald entropy of nonextremal black holes is given by
In refs. [4] it was shown that a nonextremal black hole with a near horizon geometry that is Rindler space can be described by a state of a 2D chiral CFT. The
Rindler metric has a U(1) symmetry that is simply the translation symmetry in the Euclidean Rindler time direction. In the very near horizon region where ρ → 0, the symmetry gets enhanced to a reparametrization symmetry of the Euclidean
Rindler time, i.e. τ → f (τ ). Reparametrization symmetry of a circle is Dif f (S 1 ) which is equivalent to one copy of the Virasoro algebra. Thus we find that, in the very near horizon region of Rindler space, there is a chiral CFT which arises from the reparametrization invariance of the Euclidean time direction. Alternatively, the conformal symmetry arises due to the fact that in the very near horizon region, energies are extremely redshifted and therefore all dimensionless quantities are negligible giving rise to scale invariance. In the two dimensional Rindler space this generalizes to the conformal symmetry.
In this chiral horizon CFT [4] , we identify the conformal weight of the black hole state in Euclidean space, L 0 , with the dimensionless Rindler energy, i.e. L 0 = E R and demand that the dimensionless Rindler temperature T R = 1/2π be equal to the dimensionless CFT temperature, T CF T , defined by
where L ′ 0 is the conformal weight of the state in Rindler space. Rindler space is obtained from the Euclidean plane by an exponential transformation, i.e. the Euclidean coordinates z = X + iT are related to the Rindler ones u = ξ + iτ by
where κ is the surface gravity and κ = 1 in the dimensionless Rindler coordinates in eq. (3). As a result, the eigenvalues of
The entropy of a CFT state (in Rindler space) is given by the Cardy formula[13]
which can also be written in terms of T CF T as
Using T R = T CF T = 1/2π we find that the central charge of the chiral CFT is c = 12E R and thus
Plugging these above values into eq. (9) or (10) then gives the correct Wald entropy in eq. (6) . Therefore, we can identify the very near horizon region of a nonextremal black hole with a 2D chiral CFT state that satisfies eq. (11) [4] . The Cardy formula simply counts the different ways a CFT state at level L ′ 0 can be realized and thus counts the black hole entropy in the microcanonical ensemble.
Note that this is not a usual CFT since T CF T = 1/2π is constant. It is better to think of the horizon CFT as a CFT in the Hagedorn phase in which the energy per degree of freedom is constant, i.e. E/S = 1/4π. When we increase the energy of the CFT, the temperature remains constant and energy increases due to the increasing number of degrees of freedom (with fixed energy). This suggests that the horizon CFT is somehow related to the Hagedorn phase of string theory but the connection is not obvious.
The Cardy formula is only valid asymptotically for L ′ 0 >> c whereas our CFT state has L ′ 0 = c/24. This problem is usually solved by invoking fractionation, i.e. by assuming that there are twisted sectors of the CFT [14] . The dominant contribution to entropy comes from the most highly twisted sector with a twist of E R . Due to the twist, the central charge of the CFT and the conformal weight of its states are effectively rescaled to c = 12 and L ′ 0 = E 2 R /2 respectively. From eq. (7) we see that after fractionation T CF T = E R /2π >> 1 i.e. the CFT is at a high temperature. The Cardy formula can now be applied since L ′ 0 >> c, and leads to the correct black hole entropy.
Black Hole Entropy and the Pseudo Goldstone Bosons of Conformal Symmetry
In the previous section, we saw that nonextremal black hole entropy can be obtained by using the Cardy formula for the entropy of a chiral CFT state that describes the very near horizon region. In this section, we obtain the same entropy from the physics of the PGBs of the conformal symmetry.
The conformal symmetry of the very near horizon region is broken spontaneously by the Rindler vacuum and explicitly by the conformal anomaly. First, it is clear that the CFT state that corresponds to the Rindler vacuum is at a nonzero temperature (given by eq. (7)) and spontaneously breaks the conformal symmetry.
In fact, the Rindler vacuum spontaneously breaks the full conformal symmetry
We will show this at the end of this section once we obtain the PGB solution that describes the Rindler vacuum.
Second, as usual, the conformal symmetry is anomalous. The anomaly shows up in the commutators of the Virasoro generators
where the second term proportional to the central charge is the anomaly. Note that there is no anomaly for L 0 , L ±1 . Thus, the full conformal symmetry is explicitly broken down to the global conformal symmetry or SL(2) by the anomaly. As a result of the spontaneous and explicit breaking of the conformal symmetry, at low energies, physics can be described by its PGBs. Since the global conformal symmetry remains unbroken, we expect the PGB Lagrangian to be SL(2) invariant.
Above, we saw that the chiral conformal symmetry in the very near horizon region corresponds to the reparametrization symmetry of the Euclidean Rindler time, τ → ξ(τ ). In ref. [15] , it was shown that the PGBs of conformal symmetry can be described exactly by these reparametrizations which realize the conformal transformations nonlinearly. Then, the energy-momentum tensor for ξ(τ ) is given
where the Schwarzian is
and prime denotes a derivative with respect to τ . Using eq. (11) for the nonextremal black hole the CFT state has we can write eq. (13) as
From this we can deduce the PGB Lagrangian[17] 
which is invariant under SL(2) transformations of η(τ ). Thus, we conclude that it is in fact η(τ ) that parametrizes the PGBs, i.e. Dif f (S 1 )/SL(2), rather than ξ(τ ).
The SL(2) invariance of the PGB action is due to the precise values of L ′ 0 and c for the CFT black hole state given in eq. (11) that gives rise to the correct coefficients for the kinetic and Schwarzian terms. This constitutes a nontrivial consistency check on the CFT state and the PGB description of the CFT. The two actions in eqs. (16) and (17) are completely equivalent and in the following we will use the action for ξ given in eq. (16) .
The solution of the equation of motion for ξ(τ ) [18] ,
up to SL(2) transformations, is given by ξ(τ ) = (2π/β)τ = τ or η(τ ) = tan(τ /2).
In order to compute the entropy associated with this solution we consider the PGB action in eq. (16) to be a gravitational action since we assume that the horizon CFT effectively describes gravity in the very near horizon region. Moreover, on very general grounds, 2D gravity is a CFT since after imposing the gravitational constraints, the only diffeomorphisms left are conformal transformations. Therefore, we assume that the action in eq. (16) (for general β) is gravitational and and we can use it in Euclidean gravity. This leads to the partition function
Thus, the entropy of the PGBs is
where we set β = 2π. We see that the entropy of the PGBs of conformal symmetry is precisely the Wald entropy for nonextremal black holes.
Unfortunately, the PGBs are not the fundamental black hole degrees of freedom but only give an effective description of the black hole based on the symmetry breaking pattern in the very near horizon region. Nevertheless, for the black hole state of the horizon CFT, the PGB description gives the correct entropy. We note that, unlike the Cardy formula, the above computation of entropy does not require L ′ 0 >> c or fractionation. In fact, the exact values in eq. (11) were crucial in obataining the correct entropy.
We now show that the Rindler vacuum described by the PGB solution ξ = τ is SL(2) invariant. The SL(2) charges for the theory described by the action in eq. (16) (in Lorentzian signature) were obtained in ref. [18] . Q 0 is given by
For our solution, we find Q 0 = −E R . In addition, Q ± are proportional to the second and third derivatives of ξ and therefore vanish for our solution [18] . We For our purposes, the important point to emphasize is the fact that S = 2πE R = −2πQ 0 , where Q 0 is the Noether charge of (Lorentzian) Rindler time translations on the horizon. Thus, the entropy we computed is the Wald entropy of nonextremal black holes as in eq. (6) . As mentioned in section 2, the dimensionless Rindler energy is identical to Wald's Noether charge, i.e. Q 0 = −E R in our case. This was realized before in ref. [12] but it is gratifying that we can derive this equivalence from the physics of PGBs of conformal symmetry.
We can also consider the Hamiltonian associated with τ translations which for our solution is [18] 
which is precisely the energy of the Rindler vacuum L ′ 0 .
The Neutral Limit of Charged Near Extremal Black Holes
In this section, we consider the neutral limit of charged near extremal black holes. In this limit, these become Schwarzschild black holes and we expect them to be described by the PGB Schwarzian action. It has been shown that the near horizon limit of near extremal charged black hole geometries has a near AdS 2 (NAdS 2 ) component [18] . After compactifying over the transverse directions, i.e.
S D−2 , the physics of NAdS 2 is given by the action I = I ext + I nonext where the extremal and nonextremal parts are [17, 18] 
and
Above, φ is the dilaton which parametrizes the area of the transverse S D−2 and its VEV, φ 0 = A h , is area of the extremal black hole horizon. φ b is the boundary value of the dilaton which can be assumed to be a constant. The one-dimensional boundary of AdS 2 is parametrized by the Euclidean boundary time u. The extremal action in eq. (23) is topological and equal to 4π. Thus, I ext leads to the extremal entropy
In the neutral limit φ 0 = A h = 0 and the extremal action vanishes.
The nonextremal action in eq. (24) is the Jackiw-Teitelboim (JT) action [19] with the additional boundary term. The dilaton equations of motion impose R = −2 and therefore the first term in eq. (24) vanishes. Thus, the theory is described simply by the boundary action. In ref. [18] , it was argued that in the NAdS 2 theory the conformal symmetry of the boundary theory is broken down to the global conformal group SL(2) just like in our description of the very near horizon region of Rindler space. It was shown that, when the bulk coordinates of AdS 2 , t(u), z(u) in the Euclidean Poincare metric are considered to be functions of the boundary time u, the boundary action can be written as
where the Schwarzian is given by eq. (14) . Here the AdS 2 bulk time t(u) represents the PGBs of the broken conformal symmetry and the SL(2) invariance of the PGB action is manifest. The action for the AdS 2 boundary in eq. (26), with the identification E R = φ b /8πG, is identical to the one we obtained for the very near horizon region of Rindler space in eqs. (17) . We remind that E R = S/2π = A h /8πG and therefore we identify φ b = A h , i.e. the boundary value of the dilaton is the horizon area.
We found that the neutral limit of NAdS 2 theory which corresponds to a Schwarzschild black hole, has an effective boundary action which is identical to the PGB Schwarzian action we obtained. This result is a nontrivial consistency check on our method of entropy counting in terms of the PGBs. It may be surprising to obtain the same action for the very near horizon region of Rindler space and the boundary of AdS 2 . This is due to the fact that the Schwarzian action is determined solely by the symmetry breaking pattern which is identical for both cases, i.e. conformal symmetry broken down to SL(2).
Conclusions and Discussion
In this paper, we described the entropy of nonextremal black holes in terms of the PGBs of the spontaneously and anomalously broken conformal symmetry that arises in the very near horizon region. Even though the same entropy can be obtained from the Cardy formula for the CFT state that describes the black hole, our new description has the benefit of identifying the black hole degrees of freedom as the PGBs together with their action. The Schwarzian PGB action is completely determined by symmetry breaking pattern, i.e. the conformal symmetry broken to SL (2) . Unfortunately, this is not a microscopic counting of entropy since the PGBs are only effective degrees of freedom. We also supported our results by considering the neutral limit of near extremal charged black holes which is described by the same Schwarzian action.
As we saw above, the horizon CFT has a constant temperature T CF T = 1/2π.
Thus, it seems that the horizon CFT is in the Hagedorn phase where energy per degree of freedom is fixed to be E/S = 1/4π. Black holes have been described in terms of long strings with rescaled tensions at their Hagedorn temperatures [5] [6] [7] [8] [9] . It would be interesting to investigate whether there is a connection between these long strings and horizon CFTs. In particular, the description of the PGBs of conformal symmetry in the long string description seems to be obscure.
Our work is crucially based on the fact that the near horizon region of nonextremal black holes is Rindler space. However, it was recently shown that the entropy of these black holes can also be obtained from an AdS 2 space that lives at (Weyl transformed) infinity [20] . The Schwarzian PGB action that led to black hole entropy above also appears as the boundary term in the (near) AdS 2 action. In some sense this is not surprising since the Schwarzian action is fixed by the symmetry of the problem: near both the origin of Rindler space and the AdS 2 boundary the conformal symmetry is broken down to SL(2). Nevertheless, it would be interesting to further investigate if these two space-times are more directly related.
Black hole horizons are chaotic [21] . Thus, if nonextremal black holes are effectively described by the PGBs of conformal symmetry with the Schwarzian action, then this description should also lead to chaos. In fact, it can be shown that, the Schwarzian action of the PGBs, precisely in the Rindler coordinates leads to chaotic behavior [15, 22] . The source of chaos is the nonlinear PGB interactions described by the Schwarzian term in eq. (16) . This is an important consistency check on our description in terms of PGBs.
We obtained the nonextremal black hole entropy from the physics of PGBs of conformal symmetry which results from the reparametrization symmetry of the dimensionless Rindler time. On the other hand, as we saw above, the same PGB Schwarzian action arises from the physics of the AdS 2 boundary. In the AdS 2 context the Schwarzian action describes the fluctuations of the boundary. It is tempting to suggest that the same is also true in our case, i.e. the PGB action describes the fluctuations of an infinitesimal circle in Euclidean Rindler space around the origin which can be assumed to be the stretched horizon.
As mentioned above, our description of nonextremal black holes in terms of the PGBs of conformal symmetry does not clarify the nature of the black hole degrees of freedom since it is an effective description based on the symmetries.
What we need is a microscopic theory on S 1 (the Euclidean Rindler time direction) that reproduces the physics of Rindler space just like the SYK model does for NAdS 2 [23, 18] (with the problems related to the dual bulk description notwithstanding). The SYK model itself cannot represent Rindler space because it has a finite entropy for vanishing temperature [18] . However, the quadratic SYK model, i.e. what is usually called the q = 2 case, has an entropy that is proportional to
T [18] and may describe the microscopic theory of gravity in Rindler space. This is basically a free fermionic model on S 1 with a random mass matrix. Unfortunately, since this model is basically free it is not chaotic as expected from a description of black holes. Moreover, it is not symmetric under time reversal which may be problematic. If it is possible to modify the random matrix model to give rise to chaos without destroying its appealing features, this would be a candidate for the microscopic description of nonextremal black holes.
On the other hand, it is known that nonextremal black holes can be described by Liouville theory that lives on the horizon, i.e. the horizon CFT we used above is Liouville theory which satisfies eq. (11) [24] . The Schwarzian PGB action is an alternative effective description of Liouville theory. A candidate microscopic theory for this Liouville theory (or the Schwarzian PGB action) is the parafermionic Y model on a rhombic lattice [25] . This model flows in the infrared to Liouville theory and has the same properties. Thus, we expect the parafermionic Y model to provide the microscopic description for nonextremal black hole horizons in analogy with the SYK model that microscopically describes the near AdS 2 space-times.
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